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Refs:
Introduction to Quantum Effects in Grayitlukhanov, V., and Winitzki, S. (Cambridge, 2007)
Student Friendly Quantum Field ThepKlauber, R.D., (Sandtrove 2015‘d2d & printing)

NOTE: Section numbers, headings, and equation numbers of &oxnhdre with reference to Mukhanov & Winitzki (M&W).
TYPOS:

Pg. 66, (6.14), RHS/'s inside parentheses need subsdtipt

Pg. 67, top line: same correction as above

6.1 Classical scalar field in expanding background

See Klauber “Conformal and Scale Invariant Transformations Sietfil{available atvww.quantumfieldtheory.infpfor
simplified, background understanding of coordinate vsiphlsalues, and additionally, for the reason whysed in M&W is
called “conformal time”.

X, are coordinate valuex ére fixed position values attached, for example, to the centgedaofies to form a co-moving
3D coordinate systeth dx,dr are coordinate differences between eventsig the difference in position values, for example,

between two galaxy centers infinitesimally [hypothetically] cloggether). a(t)dxI anddt = a(t); are physical valuesa((t)dxI is
what would be measured with meter sticks between galaxy centhestin directiorf). See Fig. 1.
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Figure 1. Coordinate Values vs Physical Values in an anding Universe

1 Or, in the example in Klauber “Conformal and ®dalvariant Transformations Simplified” article, talues painted on coordinate
lines that are fixed to the stretchable rubber shge¢he sheet stretches. These are often callethting coordinates” (because they
move with the material points).

2 0r in the rubber sheet example, to the distancesored with meter sticks that do not stretch withrubber sheet.
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Note thata(t) has units of meters per coordinate grid value. (PhysicgdiHdyetween points) a(t) X (coordinate grid label
difference value between those points).

In (6.3) (of M&W) Siis the physical (what would be measured with our instrishetion.dx is coordinate 4-volume,
and \/-gd*xis physical 4-volume,/-g = a*.

%(g”ﬁqaqaa - mPgf = 4’) of (6.3) is the physical Lagrangian density fordfigl 1)

with units of physical energy per physical 3-volume (im-natural units, Joulesfor Ft-Ibs/ff, for examples). The actiod
has dimensions of energy-time (in non-natural MKS umitde}sec).

In (6.4),d%dn is coordinate 4-volumd®x, the magnitude of which is independentj.
2
%az(qdz —(D2¢) - m2a2¢2j =/ of (6.4) is the coordinate Lagrangian density for figld (2)

having derivatives with respect to coordinateand 77, not physical distance 3 or physical timet. Units of the coordinate
Lagrangian are now hybrid as they represent an energy in tdrmsnephysical (coordinate) time per unit non-physical
(coordinate) 3-volume. However, importantly, when (2ntegrated with respect @'xds;, the result is still the actioB with
dimensions of energy-time (in non-natural MKS units, deagc).

In (6.5), the fieldy is the physical (amplitude for a classical wave like the wé\Eg 1) field; gis the coordinate field
(the physical field value at coordinate time= 170, which is when we typically take physical time O [tp in Fig. 1], which is
whena = 1). Classicallygat a given fixed material location (like the center of a galdgg@s not change in magnitude as the
universe expands, like the coordinate vatuat such fixed material location does not change in value dthengxpansion.
(The center of the galaxy keeps the same coordinate location xalbse the physical location changes. That galaxy center
also keeps the samgevalue, even as itg value grows.) So as the universe grows in size propaitio any direction ta(t),
the classical (physical) fielgy amplitude grows as well (as in Fig. 1), and both are ptigpal to a(t) (which can also be

expressed a7)).

In quantizing a classical field, one realizes that the magnitutteeatlassical (bosonic) field is the sum of many quanta.
More guanta means a higher amplitude resultant classical Tieedamplitude of the quanta are fixed because the waves are
normalized (to make our probability and number operator calootatiome out correctly.) So for a giviereigenstate, mork
guantum states superimposed yield the higher the amplitutie oésultant classical wave.

As one might guess, therefore, and as will be seen, if thécelagsncreases witha(t), then the quantizeg, which is
comprised of creation and destruction operators, will create knstates, for each value kf This should (and it does, as will
be seen) increase the energy of the universe.

This jibes with classical mechanics, because energy is only gedséthe Hamiltonian is not an explicit function of time.
If H = H(t), then energy is not conserved (it changes in time.) I) (8edsee the mass term has a factoraf))¢ [or
equivalently, &(77))? in the Lagrangian density. Since we get the Hamiltonian tjefrsim the Lagrangian density via the
Legendre transformation, and the Hamiltonian from the Hanmltodensity, the Hamiltonian will be an explicit function of
time. Thus, energy is not consenved.

In (6.6),d *x dr7 is coordinate 4-volume. The quantity

n

%(}(’2 —(D)()2 _(mzaz_%))(z) of (6.6) is the coordinate Lagrangian density for fjeld 3)

analogous to that of (6.4), or (2) herein. (3) has theedamusual) units as (2), and the same numerical value at eachinevent
4D spacetime. It is just expressed in terms of the fieldstead of the fields And again,Sin (6.6) has the usual, familiar,
physical dimensions of energy-time (joule-sec in MKS units)

% In natural unitsSis dimensionless.

% (6.3) to (6.6) are for free fields, but in truthe fields in the universe are subject to the gadiginal potential, which also changes at
a material point (point in the co-moving coordinaystem o) as the universe expands. One might wonder iftloigld cancel with
the creation of energy due to expansion. Howevegems the gravitational potential grows less tregéincreases) as the universe
expands, so it would seem to add to the increaseengy anticipated here.



Using hybrid Lagrangians and Hamiltonians to get (6.7)

Note that the entire theory of variational mechanics followsifamy Lagrangian density in any form with respect to any
coordinates. That particular Lagrangian density integratedvautspacetime yields the acti®to be used in our theory. This
can be done in many different ways from classical fields totqoafields to economic models. It is a very general procedure.

So, in the present case, we can still use the Euler-Lagrange equatiget our field equation. This is what is done to get
(6.7).

Caution on energy units when using coordinate spacetime values

And we can still use the Legendre transformation to get er@rgyenergy density. However, we must be aware that the
resultant values we get for energy and energy density will hawédhunits.

Note that the spatial effect of the energy density per unit ocwisdvolume (instead of per unit physical volume) will
integrate will disappear when we integrate over the volume (atieg over coordinate distances) to get total energy. However,
the effect of using coordinate timein our time derivatives of the fieldp(or x here) will still be present in our total energy
values. We would need to convert the resultant energy value basedl on coordinate time to its equivalent in physical time i
order to compare our results with what our physical measumratigiments would measure.

Note on wave numbér

Note thatk, as used in M&W, is the coordinate wave number. A given wawet stretches with the expansion of the
universe will keep the same coordinate wave nurkbas its label, but its physical wave number, which we wowddsure
with instruments would vary inversely witt). A longer wavelength wave, has a lower (physical) wave nuribes,

Apnys=a(t)A  Ais coordinate wavelengtfl = physical wavelengta(at=ty) = ) 1
2
k=— . 4
y (4)
K phys = % coord valu&k unchanged for same wavésawavelength stretchely,, s lessi

In M&W, the theory is developed with respect to to®rdinate values, s, not the physical values of actual distance and
time. This is done to simplify the analysis. We edways convert our answers in coordinate valuek ba physical values by
multiplying or dividing bya(#).

Note further that since

physical distance between origin and a coord.f();(ta{t)dx' = a( )X =Xppys, (5)
KX =K m(t)x =k 4ok 6
- a(t) — ™ phys*® phye ( )
Thus,
gk = dkonvs pvs=  same value expressed via physicalamrdinate value, (7)

which may help when we consider the general wagdbkm of any field.

6.1.1 Mode expansion
The Spatial Fourier Mode Expansion

For (6.9), in elementary QFT, when our Lagrangemd(Hamiltonian) was not a function of time, we had
X (7) = x () Oe  for a(f) =1 constant( no time dependence imtiitonian) . (8)

However, since we do not have constago Hamiltonian is a function of time), we need:tmsider what a more general
form for xx would look like. This is done on pgs 72-73, but tlle next few pages in M&W, the general form (§.48 it is
represented by the symbxgl(7).

If H were not a function of time, then (6.13) wouldgaksimple form familiar from QFT.
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Xic (7) = X (t)=%(a2v§+alw< )z%(q‘é‘@u g &)

. 9)
Vi =1 da a( ) =1 constant( no time dependenceH)
Normalization via the Wronskian
The Wronskian normalization of, for eactk, is
Vi Vi — Vi Ve =21 M&W (6.14) with RHS = normalizati® (10)

Upon seeing the normalization of taking (6.14)i=dhe might immediately ask “where does this coroen?” or “why is
this being used?”.

The authors don't reference it here, but earliepage 48, where (4.27) is the Wronskian, they d@e gireason. Only with
(6.14) = 2 are the commutation relations ((4.24) and (6.28)isfied.

Another perspective on this follows from Klaubeec83.1.4, pgs. 44-47. We need to normalizéhere so the RQM
probability density, which is

;
p=i°=i [%% —%—qt)(pJ (3-20) in Klaube, (11)

integrates out over all space to one.

(11) looks like the Wronskian of M&W (6.14). In Kiber gwas normalized using the integral of (11) equadre for the
discrete solutions case. In M&W we are dealing withtinuous solutions. If we followed the integoatias done in Klauber for
continuous solutions we would find (11) integrades over all space to unity for a given valuekof

For QFT, rather than RQM, we would find the intégria(11) acting on a single particle state wouidegus an eigenvalue
of 1. For am patrticle state, it would give us Thus, for our number operator to come out colyeate need a normalization
using (11), i.e., a normalization using the Wroaski

This is why we need a normalization of (6.14) in M&o equal 2 If we do that, our number operators come outemly
to equalay & , and thus the whole rest of the theory (built tgurf the number operator relation) will work out remtly.

6.2 Quantization

Note that on page 68, in the remark section abdhite of the way down the pagh; is not the same as the same symbol

by used in (6.26) and the rest of the chapter. Irfdhmer case it represents the creation operataarftparticles of a complex

(charged) field. In (6.26) it represents the catbperator for a new real (not charged) field ietd via the Bogolyubov
transformation.

6.4 Hilbert Space: “a and b particles”

Note on (6.32)
The last line of (6.32), pg. 70, results from tleenenutation relations for theoperators.

J°(0) accounting foro spatial volume

On pg. 70, (6.32), theé>(0) factor is said to “account for an infinite spavolume”. M&W discuss this a bit on pg. 50,
though they don't reference that earlier stuffhirstsection. Klauber discusses this on pg. 454etdp third of the page for a
4D volume, which is analogous to the 3D case. brish

5%(0) = lim ——, 12
( ) Vlf,noo (2]_[)3 ( )
which is derivable from
(e - 1 i(p-p)= r 3 - 1 oz Vv -
o°(p p)-—(zﬂ)sje d ngipD_» ) (0)-(2ﬂ)3_[e dgb(-(zﬂ)3 (where V=) . (13)



General comments

For non time dependeht (as in elementary QFT)a" or “b” particles p particle is not an antiparticle here as in usual
QFT, but a Bogolyubov transformed real field apli&W Sect. 6.3) have different vacuums, but whichey@u choosea or b,
to represent the universe, you get exactly the satadions. Saa is equivalent td. Using either one to represent physical
particles yields the same theory.

For time dependertd, the vacuum withowa particles at one time (not counting half quan&@gaparticles at a later time.
(Also, the half quanta change, as well.)

For the later time, we could find & Yacuum” particle interpretation with no rdabparticles (but with half quanta &f
particles as in usual QFT farparticles). We need the Bogolyubov transformatmrelate thea particle interpretation to the
particle interpretation. Choosirggparticles results in a different theory from chog® particles, unlike elementary QFT.

Squeezed states

Theb vacuum expressed as a superposition of exaifgatticle states is called a “squeezed state”.1&ilyj thea vacuum
can be a squeezed state of excitguirticle states. M&W derive this in the solutianBxercise 6.5 (back of book).

Relation (6.33) can be written out in a little matear form as

B s n
1 oy &% 1 -
|(b)0>:T|ak|l/2e2ak |(a)0>:|;||0/k|112(Z (ﬂk J (a‘:atk)n

2
1’Lk1>+(g;] |(a)3<1,24<1> +oX (14)

I
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®
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QUESTION: Shouldn’t there be a factormfbefore each state in the last three lines of {I#ach creation operator leaves a
factor of square root of (hnumber of particles in jeis 1).

Note if B = O for each value df, via (6.25), i.e.,|afk|2 —|,.6’k|2 =1, then f] = 1, and thé particle is the same as the
particle. Then (14) becomes

|©9) =11 @9 =[ @ k)l Xk 2) 8 R ac_g) =2 Y ca Ylca - (15)

| guess one can presume the RHS of (15) repretmma/acuum| (a)0> , which then equals tHevacuum.

6.5.1 The instantaneous lowest-energy state
The derivation of (6.34) is shown in Appendix A &ier.

([ )« | (s o)) 4

o(p 0+t feas +890)

Ex

H(7)=4]d% (6.34) in M&W
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Note in elementary QFT, wheis not a function of time, we have (9). Using thalue forv, in M&W (6.35) and (6.36),
we find

E, =|vi >+ VZZ%ZZCU 6.3
(1) =4 wﬁ| . o o (639 a(t) =1 constant( no time dependencei (16)

Fe(7) = (V)" + ok (vi)“ =0 (639
With these values, the Hamiltonian (6.34) reduogbe familiar QFT form.
QUESTION: In (6.34) the terms
B AR HA A R (17)
for non-zeroFy, (whenH = H(t)) appear like they would give rise to creationagparticle pair (with opposite directidn so
momentum would be conserved and no charge on emtiel@, since we are dealing with a real fieldg atestruction of a

particle pair (with equal and opposite 3 momentuBnit the expectation value of the terms in (17) lddae zero, as the bra and
ket left for each term after the operator actioruldanot match.

Also, (6.36) is for the free Hamiltonian. For irdetions, found after employing minimal substitution the free
Hamiltonian and the Dyson-Wicks expansion, somekwaould have to be done to see if this pair credtiestruction effect
arises.

END QUESTION

Note thatay = ai(#7) used from just below (6.38) to (6.42)nist the ay of the Bogolyubov relations used from (6.34) to
(6.33).

Minimizing E,(130) (6.38) to (6.42)

The normalization relation (6.39) is good for apynot justn = .

Relations valid at any
The relation after (6.39), wittx anda real, is a guess at a workable solution (which twih out correct) and is
v =r&% where w=w(n) r=nn)  aw=adn), (18)
which can be evaluated at= 17, but which should be valid at amy Thus,
_dv(7) _ dic (7) jan(n)

Vi = ™ + i (n) n (7)€% = 1% + i@ &% = 1 &7+ W'y, (19)
dr dn
Using (18) and (19) in (6.39) expressed in termg wistead of7,, we have
Vi (M) Vi (7) = i (7) Vi () = 21 Generally good at any, notjug  ag6m39) of M&W
this cancels
with this

1 (n)eiak(n) (1) o) 4 i (1) () () gian) o,
or
a () (n) =1 (640 in M&W, but here good for any. 21)
So, we use the LHS of (18) and the RHS of (195iB%),



Ev (7) =|vi (7 )| +ak (1) wie(m | (6.35) of M&W
(5 (7)) + i ) i m) e ) () &) = i () rulm) €% |+ ) (ril) (22)

= (r|; (/7))2 + (a'i( (/7)rk(/7))2 +ak () (r k(/]))2 1st part of 2nd row in (6.41) of M&W, binere for any;.

Using (21) in the second term in the last row @&)(2ve get

e, (7)=(1.(n)) + (

Relations for, (17 whereEy is minimum)

TJ +af (n)(r ())2 last part of (6.41) for ang( not jugp) . (23)

"k \77

Now, we minimize (23) with respect t@ andr'x. We find the functional form af(#) in terms ofw,(#) that minimizes

Ex(7). We call the conformal time value at which treatruen = ro. 1o will be the symbol for the time at which vacuunesgy
is minimal.

SinceEy(#) is a function of bothy andr, we need to minimize it with respect to both, i.e.,

Bcln) .y ang ). (24)
o, ory
Thus, from (23) and the LHS of (24),
_OE(7) _a o (1 YV 2(_0 (,; 2,0 1 Y 2
0="5l1) 0. [(rk O +[ iy + )t ]-a—k(rk(n)) - ([ ] o)
1 1 -2
=2 + -2 + )
k(’7) arkrk( ) 2“‘&( ) ( ) rk(ﬂ)(rk(”)) 2wﬁ(ﬂ)rk(ﬂ)
or
qu)(rk (D)2 = (m)rcln) ~ R(M)rém)=1 — rn)= m . True for minEy. (26)
From (23) and the RHS of (24),
O:—aE; (,7) :a—,(n; (/7))2 +0+0=2(n) - r(n)=c True for mirEy. (27)
Mk ory
Taking 770 as the time at whicBg is a minimum, (26) and (27) are
e (70) = —— () =0. (29)
W (’70)
(28) being true minimizes vacuum energy with respethe operatorgy ,3, at/.
Finding the form oty (/70)
From (21) (good for any) and the LHS of (28) (good fayo), we have
ay (o) & (70) =1=atic (o) - di(no)=w(n0). (29)

a (o)
From (18) (good for any) and the LHS of (28) (good fap),, we have



Vi (76) = 1 (70) daim) -1 daw(no) (30)

So from (19) (good for any), (29), and (30), we have

Vi (70) = i (70) € 1) + it 1) (7)€ ™) = 13 (1) 5470 + ko () v (31)
Note that (30) and (31) are truerat the time at which vacuum enerBy(77) = Ex(/7o) is minimum.
Special Case: Constagy for all times

If ax = constant (not a function @f), then from (26)ry = constant for all time, and hengg=0 for all time. Since (26)
and (27) are true for all time, we must have thmesaninimumEgy for all time.
In this case, (18) becomes

da(n) for a # awy (17) - (32)

wln)=—

And (31) becomes

Vi (7) =i () for ez ay(n) - (33)
And from (32) and (33), we must have
1 .
v () =—== €47 for a 2w (n), (34)

which is the form we know so well from traditiof@FT (which has constaag and for whichy =t).
General Caseaw a function ofz at the special timgg

If axis a function ofy, then at the time, whenEg(#) is a minimum =E(7), (28) in (31) gives us

Vie (0) = e (170) Vi (170) for w, = w,(n7), at minimume , wherey # . (35)
From (30),
vic (7o) -1 dadm) for e = (7), at minimumE,. wherey # . (36)
 (170)

It can be insightful to compare (33) and (34) wiBb) and (36). Note particularly, the exponenitigls in (34) vsiak(/o)
in (36).

(6.42) for constantl and non-constar

For the particular case whekkis not a function of time, we can take=t, andv is as found in (9), which satisfies the
more general case relation (6.42).

Note that in the general case, for the initial gbods (ats =), (6.42) into (6.36) yield&y (/7o) = 0. Fy is zero initially,
though in general it will not be so afterwards.

No min vacuum energy faif < 0

For the paragraph after (6.42), note Fig. 2.
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Figure 2. Plots ofEy of (6.35) for wf Positive and Negative

Fig. 2 justifies the comment in M&W that there i minimumE, for negativeaf.

Hamiltonian diagonalization

Note if Fx = 0, the Hamiltonian (6.34) becomes (6.43) andi wat raise or lower a state containiagype particlesa type
particle states are then eigenstates of the Hamalg which they would not be fé # 0.

To see how this relates to “diagonalization”, wa eanploy a vector space whose basis vectors aigededis shown in
part in (37). Note that, for simplicity, we ignatree vacuum terms of form¥*(0)E,/4.

[1] 0] 0] 0
0 1 0 0
0 0 1 0
|vakl>: : |va—ld>: : | va|<2>: 3 | Zaga k]>: : (37)
0 0 0 1

In this space, the integrand of (6.43) is represkas a matrix, as in (38).

', -
Wy
Matrix in vector space for mtegranciA ] @, Fe(70) =0 (38).
of (6.43) Withoutd(s)( 0 term Ey (10) = 20
3cq(l
Thus, we have, for examples,
w . .
W 0 0
a 0 0 . At oA
2 =g equivalentto a ay A |vaw) = @l vau) (39)
' ' (6.43) integrand
30, 0 0
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“ ° ° equivalent to
0 0
a‘kl At o At A _
13) 0 ol @& &+ Ay A [v2anan) = 30| \2aa i)
2 —
<7 E“‘kl . (6.43 integral over ak (40)
: : leaves only these with
non-zeraesult
3@;(1 1 1

Now consider the case whefg# 0 (as would happen fay > r7,) where we then need to add extra terms from (Gr84)
(6.43). Also,Ex would not have the simple form (as it doeggtof 2c.

*

B avae 2 ac Fkl At At Fkl Ex Fkl Fk(”);to
—* + —4 4 — =—k +0+—/2| 2 a 41
S aad A G R A )= v ) r0r 22 aw e (1) 2 (41)
(6.43 integrand plus terms whEgz 0
Expressing (41) in vector space form, we have
= I [ Be ]
2 2
Ek 0
= 0
B 0 0
2
= (many terms not showt  equivalent to (41) (42)
W S |o] |z

The result of the operator (matrix in vector spag@gration on the ket of (41) [vector of (42)] i3t the same ket (vector)
we started with. So the ket (vector) is not an edg@te of theH operator (matrix). Anytime we have off diagonaints in a
matrix in a vector space, the basis vectors ofgpate will not be eigenvectors of that matrix.

So, this is what is meant Iy, # 0 making the Hamiltonian non-diagonal (in vecteace). Note that adding in the vacuum
termsd3(0)E/4 = 5°(0)w/2 to the matrix of (38) to (40) would leave itdiagonal form.

Vacuum state an eigenstatetbbnly if Fy = O for all7 (top line of pg. 74)

Note in (6.34) that iFk # 0, we have the Hamiltonian acting on the vacuurareh
H|0) hasaterm R &/a% | )& R |@ @) soH| )®( considn). (43)

Hence, in this case the vacuum is not an eigenstdtee Hamiltonian operator. If, on the other hafgd= 0, the only terms left

in (6.34) are number operators and constants, soatpn byI:| on |Q will give a constant times )J0and thus [0is an
eigenstate oH .



11

Different vacuums (lowest energy states) at difiereand Bogolyubov transformations (upper part of f39.

For ax as a function of time, we have different mode fiors vi(#) (different basis states) at different timeg/7) is not
the same awy(#,), for givenk. However, either set of basis mode functions spla@space of all mode functions. At edch
the pair of mode functiong(r7,) and vf( (/70) spans the space of mode functionkpénd so does the paig(#,) and VT( (/71) .
We can express any general mode function in tefregttter. So, we can choose our general mode fumets the specific one
V(7o) and express it in terms f(77,) and vi (7,) . That is,

Vi (110) = e vie () + B Vi) » (44)
by type & type & type
opers opers opers
which parallels (6.24) on pg. 68
U (7) = a i (1) + B Vi) M&W (6.24),
b type & type  F type
opers opers opers

Thus, the relation of (6.32), pg. 70, derived by W&or a andb type operator fields of (6.24) using the Bogolyubo
transformations,

(00N 0)=(( daa |9 9 =176 (9 MaW (6:32),
corresponds directly for our case of (44) to
(0| N2 [ 5,0 =, A& (m) & ()] 5, O =417 (9. (45)

Using (45) in our Hamiltoniar (/71), we find the relation just above mid page on pj. 7
(10 ”00>=<Hoqj'd3xa4<(nl)(Ngl +%5<3>(0)) w0
= (0| [ dx (/71)(:a‘k+ (m) % (1) + 30O (o))\ 0 M&W mid pg. 74 (46)

- 50 (0) j d3x (f71)(|ﬂk|2 +%) '

H ()

M&W Remark: minimal fluctuations (mid pg. 74)
Argument in M&W

The argument is made here that because of the Wawmnaormalization (11) of setting (6.14) to, &ve get a kind of
uncertainty principle relation between the partifddd and its time derivative (related to conjuabomentum of the field).

The largerv, the smallery’; and vice versa.

Counter argument by Klauber

Fermion example
However, for fermions, the RQM probability dengjgge Klauber (4-34) and (4-35), pg 92) has diffeferm than that of
(11), and is

o=0yVw=¢ vy %= ywy = -iny where conjugate momentum=iy" . (47)
I from (4-62) in Klauber

(47) means we need a normalization for whidhtegrated over all space would give unity foliregke particle. This leads
to a normalization of the time dependent factorg/incomparable to the relation (11) for scalars, of

vi (7)% () =1. (48)
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We might conclude, via uncertainty principle lodicat a largexx means a smallev;[. But the latter is just the complex
conjugate transpose of the former, so both mus tizy same magnitude. One can't get larger whileother gets smaller.

Thus, it seems the arguments of this remark reggrdiinimal fluctuations cannot hold for fermionshal brings into
guestion the elevation of it to a general princip¥dich the Heisenberg principle is).

Scalar example

Additionally, for scalars in non time dependent Q&Iand its conjugate momentum have forms (wigk¢ corresponds
here to antiparticle fields)

¢(x):%J;—%(aw)e‘ikﬂti(k)ékx) (Y=g (3= ZJ—( &) 0+ ) ). (49)

So in any factor OWT, such as that giving rise to (11), for givierwe get factors of

'— = a constant for giveW . (50)

& ()@ () 0—=—— e ,—

If we arbitrarily made the magnitude @f larger by a factor oK, then from (49),(2{:rwould be larger by the same factor,

and (50) larger by And then the integration of (11) ovérwould not be 1, buk® Additionally, the canonical commutation
relations (4.13) would yield coefficient commutatielations [see (4.24) and (6.23)]

[é[?{ } = K? gy (discretd [%{ a } = Kd(k-k') (continuou$ , (51)
which would mess up the theory f # 1.

Conclusion:

The uncertainty principle seems applicable to waaekets, made of a superposition of mérstates, not to a particle (or
fields) made of a single stake(hypothetical though such a state would be inréa world where all particles are really wave
packets.)

End counter argument

6.5.2 Ambiguity of the vacuum state
Mid pg 75 comment about contradicting hormalizaifoR, = 0

The conditionFy(r70) = 0 means [see (43)] the vacuum is an eigensfafee Hamiltonian. If, in addition to that,,f <0,
we have [see (6.36) or (16) herein]

F (,7)E(v;()z+af(vk)2=(\/k)2—‘wﬂ(vk)2=0 (6.36) setequal to, (52)

The solution to (52) has the form of an exponeméialed to a real, not imaginary, power,

£[|af ' £ af|n
Vi (17) = (constan}e el O ﬂ\?jﬁﬁﬁsgﬁm@ﬁ Vi (17) = (constan}e 4 . (53)
For this casey is real, saubstitution of (53) into the normalization conditi¢10) [(6.14) set toiRgives us
v Vi-vi =2i  OW®H. vlve- wv=0. (54)

Both sides of (54) can't be true, so we can’'t defnrealy that leads to a viable theory. If we have no \eablkeory, we can't
define a lowest energy eigenstate associated It t

Mid pg 75 comment on accelerated detector

It is not widely appreciated, but accelerated frarmee NOT curved. They can be formalized as afwamation from an
inertial frame under the transformation embodyimg acceleration. But the Riemann curvature tettikerany tensor, if zero in
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one frame, is zero in any frame it can be transéarinto. So the Riemann tensor in an acceleratederis zero, i..e, the 4D
frame is flat.

This is not true of gravity. You cannot transfoemerywhere, a Minkowski frame to a frame with gtawrising from the
presence of matter.

Geodesics in both accelerated and gravitation fsata# non-inertial frames) are curved. 4D spacetitself is flat in
accelerated frames and curved in gravitation ones.
6.7 An example of particle production
Particle number density (pg. 82)

The derivation of the RHS of (6.61) is shown beldive absolute value of the sin function is not shews that is trivial.

2 12 9_&)2_ Qz C(.)Z k2 +n£

A - (3) (w Qj i [wz o? 2]_ [k2+rrb k?= g
_1[k4+”€‘2k2n§k“+ Cr rg+2 K g2 Kr 2 Bﬂ_l( : éj_ :

=4 -4 - k4

K- A K- nd

(55)

-_— rB4 !

Appendix A. Derivation of M&W (6.34)

The following parallels the derivation of Klauberhis Sect. 3.4.1, pgs 53-53 for the free Hamidonbperator in terms of
coefficient operators. We use M&W notation here, Kiauber's. M&W is for continuous solutions, whagethe treatment in
Klauber is for the discrete solutions. Also, Klaukerks in a Minkowski spacetime with constamtwhereas M&W work in
an expanding spacetime encapusulated.ifv}). Also, M&W work with a real fieldy , whereaspin Klauber was complex.
6.5.1 The instantaneous lowest-energy state (Sectistarts on pg. 71 of M&W)

At the top of pg. 72, M&W find the Hamiltonian opgor in an expanding universd (/7)in terms of the operators and
mode functions by substituting (6.20) of pg. 60i(f.19) of pg. 67.

Those starting relations, plus the commutatiorticga (which we will use) are
ﬁ(q):%jd3x[i72+( ) +%ﬁ( ) ¥ 2} (6.19)

X( ”7):%( 3/2_‘.d3k(

7{*

()& + € w(n)4). (6.20)

8 & |=io(k k), (6.23)

where we use the dummy variablke in place of M&W’s dummy variabldk’, as the prime is used elsewhere to designate
derivation with respect tg.

The conjugate momentum is

ixa) = ¥ () = ke [ (4 4 () + €4y (0)°8). (56)

The first term in (6.19) becomes

A (1) erm= 3 | 4% 777 = jd%( . (57)
1stt %(ZHJ)'s/z'[dslf(ékx 1 (/7):'{"' gkx i{(’?)Aé)
i(k+k)x *r * 1 A—n— é(k—lg)-x * An
Ve () ¥ () &g + ¥ (7) ¥ (n) @&
=%(2,1,)3J.dng.d3kj. dk -i(k—k ) £r0 Yadas =ik )x ~ g (58)
+e (M)W () &g+ €™ ¢ (n) ¥(n) & é
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Since the Dirac delta function is

the integral ovek in (58) gives us

H (I7 1stterm ™ 4,|.d3k,‘-d3k

=3[ vid () () %\(*a:k + v ()

-3{#%

With (6.23), we have

A 0sssom= 11 0% [ 0)) 5w ) (2859 (0) (4 )

The second term in (6.19) becomes

3

|:|(,7)2ndterm 2J.d X DX) :_%Idax

‘ sk Sk K v (7) i (7) 3 % K K Ok 4) w(7) w(7) d 4
_1 Jdak[l@v’; (7)vie () B2 +k 2 () wlr) &4
4 +k v (7) vie (7) B & +k 2w (7) W) g

With (6.23), we have

A (1) praiom= 3[4 & [( i) A+ (22 a+ 690+ x) @ a j

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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The third term in (6.19) becomes

|:| (U)Srdterm:%_[d3x mesz (’7)5(2

Ao L e J

:lJ'd3xn‘52 (’7) B
S B () T+ @ (o))

9 [M V(1) % () 57+ E () i) s ]
e +& 0Py () () 3 g + €% () w(n) A
B(k +K )i (7)Vie(7) 3 + Ok k) % (7) w(n) &R
=1[d%[d% ng
ale kf”f(”){ 3k~ )ue (7)) 3% + 31k +k) w () (o) ]

1 (43 m2 Vie (7) Vie (7) & &y + % (1) W) 7R }
4l k%ﬁ(ﬂ)( Vi ()i (7) B &+ w () wln) &

=1 [d% (n)(( L) wa e+ () xn) (@a+wa)+( M) @j .
Or, finally, using M&W (6.11) of pg. 66, to get thesst line, we have
(g o= 31 B ()] () 5+ ¥ ) (@ + 0 0) o (o))
= 3% (6 ) ()] 5+ wlo)f (247 07 (0) (win)) 74 |

Adding all terms in (6.19), i.e., (62), (66), ardD), we have
H (n)=

[ ) &z w1 (o)) 7+ (o ) ()
o o) (28 + 09 () i) (275 + 0 ()
1{d% (o =) v () (2805 + 0 (0)

+(vic (1)) &t + k2 (w(n) 7
(o =)o) (283 + 0 (0) () 54

[ () e+ e (sl

=1 [d% +‘\/k (26\(3K +o0 o)

w(n) (2275 +89(9) |
(v () aa + e (wln) 4

or finally,

(67)

(68)

(69)

.(70)

(71)

(72)



(6.34) in M&W (73)



